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Abstract. Given a Lie group G with finitely many components 
and a compact Lie group A which acts on G by automorphisms, 
we prove that there always exists an ^-invariant maximal compact 
subgroup K of G, and that for every such iC, the natural map 
H^{A,K) — » H^{A^G) is bijective. This generalizes a classical 
result of Serre ^ and a recent result in [1] . 



1. Introduction 

Let a group A act on a Lie group G by automorphisms. Recall that 
the set of cocycles Z^[A,G) consists of maps 7 : A ^ G satisfying 
7(a6) = 7(0)0(7(6)) for all a,b E A, and that 71,72 G Z^{A,G) are 
cohomologous if for some g E G we have 72(a) = g'^'yi{a)a{g) for all 
a E A. The first nonabelian cohomology H^{A, G) of A with coefficients 
in G is, by definition, the set of all cohomologous classes in Z^{A,G) 

(c.f. tej). 

Because of its relation with number theory, most studies of this kind 
of cohomology concentrate on the case that G is also algebraic. For 
example, a classical result of Serre [6l III. 4. 5] asserts that if G is a com- 
plex reductive algebraic group with a maximal compact subgroup K, 
and A = Z/2Z acts on G by the complex conjugation with respect to 
K, then the natural map H^{A, K) H^{A, G) is bijective. Recently, 
the case that G is an arbitrary connected Lie group was considered 
in [H [2] . In particular, it was proved that for any finite group A and 
any connected Lie group G, there exists an A-invariant maximal com- 
pact subgroup K of G, and the natural map H^{A, K) H^{A, G) is 
bijective ([li Thm. 3.1]). 

The goal of this paper is to generalize the above results to the case 
that A is an arbitrary compact Lie group and G has finitely many 
components. In this setting, by a cocycle 7 : A ^ G we always mean 
a continuous one. Our main theorem is as follows. 
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Theorem 1.1. Let G be a Lie group with finitely many components, 
and let A be a compact Lie group which acts on G by automorphisms. 
Then there exists an A-invariant maximal compact subgroup K of G, 
and for every such K, then natural map Li : H^{A, K) H^{A, G) is 
bijective. 

It should be pointed out that the main difficuhy in the proof of 
Theorem II. II hes in the injectivity of the map Li. Recall that the proof 
of the corresponding part for the special case of Theorem 11.11 where A is 
finite (and G is connected), which is [H Thm. 3.1], is based on the well- 
known fact that if i^' is a maximal compact subgroup of a Lie group 
G with finitely many components, then there exist AdG'(-ft')-invariant 
subspaces pi, . . . , of J^{G) with Jf{G) = ^{K) © pi © ■ ■ ■ © p,- such 
that the map x pi x ■ ■ ■ x p^ ^ G, [k, Xi, . . . , X^) ^ ke^^ ■ ■ ■ e^'' 
is a diffeomorphism (c.f. [U Thm. XV. 3.1]). (Throughout this paper, 
=Sf denotes the functor which takes a Lie group to its Lie algebra.) 
To prove the injectivity of ti in Theorem II. 1^ we need the following 
generalization of this fact: If a compact Lie group A acts on G by 
automorphisms and K is A-invariant, then the subspaces pi,...,pr 
can be chosen to be A-invariant (for the precise statement, c.f. Lemma 
12.31 below). We will prove this result in Section 2. Theorem ll.il will be 
proved in Section 3. 



In this section we prove Lemmas 12.21 and 12.31 below. Lemma 12.21 
ensures the first assertion in Theorem II. H and Lemma 12.31 is a crucial 



tool to prove the injectivity of the map ti in Theorem ll.il We need the 
following well-known fact (c.f. [i Thm. XV.3.1] or P Thm. VII.1.2]). 

Fact 2.1. Let G be a Lie group with finitely many components, and let 
K be a maximal compact subgroup of G. Then any compact subgroup 
of G can be conjugated into K by G. 

Lemma 2.2. Let G and A be as in Theorem \L1[ and let L be an 

A-invariant compact subgroup of G. Then there exists an A-invariant 
maximal compact subgroup K of G which contains L. 

Proof. Denote H = G xi A, and view G and A as subgroups of H 
in the natural way. Since L x A is a compact subgroup of H, there 
exists a maximal compact subgroup M of H which contains L y\ A. 
Let K = M P[G. It is obvious that the compact group K contains L 
and is A-invariant. We claim that is a maximal compact subgroup 
of G. Indeed, for any compact subgroup K' of G, by Fact 12. H there 
exists he H with hK'h'^ C M. But since G is normal in if, we also 
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have hK'h-^ C G. Thus hK'h-^ C M nG = K. This proves that K 
is maximal compact in G. □ 

Our proof of the following lemma is motivated by that of ^4^ Thm. 
XV.3.1]. 

Lemma 2.3. Let G and A be as in Theorem and let K he an 

A-invariant maximal compact subgroup of G. Then there exist linear 
subspaces pi, . . . ,pr of ^{G) which are invariant under both Kdc^K) 
and A such that -Sf (G) = ^{K) © pi © ■ ■ ■ © p,.; and such that the map 
if : K y. pi y. ■ ■ ■ y. pr G defined by 

ip{k,Xi,...,Xr) = ke^^-'-e^'- 

is a diffeomorphism. 

Proof. We may assume that G is noncompact, and prove the lemma 
by induction on dimG. Firstly, if G is not semisimple, we define a 
nontrivial A-invariant closed connected normal abelian subgroup C of 
G as follows. Let s be the solvable radical of ^{G), and define Si 
inductively as Sq = s and Sj = [Sj__i, s.j_i]. Since s is solvable, there 
exists d such that Sd ^ and 5d+i = 0. Then 5d is abelian. Let Sd be 
the connected Lie subgroup of G with Lie algebra Sd- Then we define 
C as the closure of Sd in G. It is obvious that C satisfies the required 
properties. 

Now we define an A-invariant closed normal abelian subgroup D of 
G according to the following three cases. 

(1) If G is semisimple, we define D = Z{Gq). 

(2) If G is not semisimple and C is a vector group, we define D = G. 

(3) If G is not semisimple and G is not a vector group, we define 
D as the unique maximal compact subgroup of C. 

Let G' = G/D, and let tc : G ^ G' be the quotient homomorphism. 
Then A acts on G' by automorphisms. By Lemma [2^ we can choose an 
A-invariant maximal compact subgroup K' of G' which contains nlK). 
Let H = Tc'^lK'), which is an A-invariant subgroup of G. Clearly, 
K G H is a maximal compact subgroup of H. 

We first prove the following two claims. 

Claim 1. Lemma [2.31 holds for the pair {G',K'). 

For case (1), Gq is semisimple with trivial center. We choose p' 
as the orthogonal complement of ^{K') in .if(G') with respect to 
the Killing form of ^[G'\ Since the Killing form is preserved by 
any automorphism, we see that p' is invariant under both AdG'(-ft'') 
and A. It is well-known that ^{G') = ^{K') © p', and the Cartan 
decomposition ensures that the map ip' : K' x p' G', ip'{k',X') = 
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k'e-^' is a diffeomorphism (for the case that G' is non-connected, c.f. 
[31 Prop. VII. 2. 3]). For the last two cases, we have dimG" < dimG, 
and Claim 1 follows from the induction hypothesis. This finishes the 
verification of Claim 1. 

Claim 2. Lemma [231 holds for the pair {H,K). 

For case (1), it is well-known that tt~^{Kq) is connected (c.f. [5] Thm. 
6.31(e)]). So if has finitely many components. Since G is noncompact, 
we have dimi^'' < dimG". So dim if < dimG, and in this case Claim 2 
follows from the induction hypothesis. For case (2), since Z) is a closed 
normal vector subgroup of H and H/D is compact, by a theorem of 
Iwasawa (c.f. H Thm. III.2.3 and Lem. XV.3.2] or P Thm VII.4.1]), 
we indeed have H = D y\ K . If we let p = J^{D), then the map 
(po : K X p ^ H, ipQ{k,X) = ke^ is obviously a diffeomorphism. This 
proves Claim 2 for case (2). For case (3), since D is compact, H is also 
compact, and there is nothing to prove. 

Now we have a surjective A-equivariant homomorphism tc : G —>■ 
G' with kernel D, an A-invariant maximal compact subgroup K' of 
G' containing 7t(K), subspaces p'^,...,p^ of =Sf((j"), and subspaces 
pi, ... , p„ of =Sf (ii), where H = n~^{K'), such that 

(1) ^{G') = ^{K') © p; © • ■ ■ © p;, and ^{H) = ^{K) © Pi © 
■■■©P„- 

(2) Every p^ is invariant under AdG'(i^') and A, and every p^ is 
invariant under AddK) and A. 

(3) The maps (f' : i^'xp'^x- ■ - xp^ ^ G' and (fo : i^xpiX - ■ - xpn 
H defined by 

^'(A:',X(,...,Xj = A;'e^---e^'S 
(^o(fc,Xi,...,X„) = fce^i---e^" 

are diffeomorphisms. 

Note that the compact group K xi A acts linearly on each ((i7r)~^(p-), 
and the subspace ^{D) of {d7i)^^{p'^ is invariant under K y\ A. So 
there exists a subspace of ((i7r)^^(p^) which is invariant under K xi A 
such that {d7i)~^{p'j) = ^{D) © q^. Now the subspaces pj and qj are 
all invariant under AdG(i^) and A, and it is easy to see that ^{G) = 
^{K) © pi © ■ ■ ■ © p„ © qi © ■ ■ ■ © qm- It remains to prove that the map 
(y9 : i^ X pi X • ■ ■ X p„ X qi X ■ ■ ■ X qm ^ G defined by 

y.(A;,Xi, . . . ,X„,yi, . . . ,F„) = fce^^ ■ ■ -e^-e^^ ■ ■ -e^" 

is a diffeomorphism. Since (po and if' are diffeomorphisms, there are 
smooth maps k:H^K,X]:H^Pj,k':G'^K',andXl:G'^p[ 
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such that 

for aA\ h & H and g' G G'. We define smooth maps : G qi, 





Xj -.G 


pj as 


Yi 


= w^y 




Kg) 






k 


= k o h, 






= Xj o h. 





Let 

= (fc, Xi, . . . , X„, Fi, . . . , y^) : G ^ X pi X ■ ■ ■ X p„ X qi X ■ ■ ■ X q^. 

Then it is straightforward to check that both (f o ip and ip o ip are the 
identity maps. Thus if is a. diffeomorphism. The proof of Lemma 12.31 
is finished. □ 



3. Proof of the main theorem 
Now we prove our main Theorem II. 1[ 

Proof of Theorem The first assertion has been proved in Lemma 
lOl Now we prove the surjectivity of li : H^{A,K) H^{A,G). We 
first recall that the group operations in G x A are defined as 

{g, a){h, h) = {ga{h), ah), {g, a)'^ = {a^^ (g^^) , a'^) . 

We claim that for every A-invariant maximal compact subgroup K of 
G, X y4 is a maximal compact subgroup of G xi A. Indeed, if L 
is a compact subgroup of G x A containing K xi A, then L fl G is a 
compact subgroup of G containing K. This forces L (1 G = K. Now if 
h = {g, a) G L, since A G L, we have g = ha~^ E L r\ G = K . Hence 
h E K y\ A. This proves that K y\ A is maximal compact in G x A. 
Now let 7 : y4 — > G be a cocycle. Then it is easy to check that the map 
7 : y4 — ^> G X A defined as 7(a) = (7(a), a) is a homomorphism. Since 7 
is continuous, we see that '^{A) is a compact subgroup of G x A. Hence 
there exists (^f, 6) G G x A such that {g,hy^^{A){g,h) d K >i A. This 
means that {g, 6)~^(7(a), a){g, h) E K y\ A for all a E A. But 

{gM-\l{a),a){gM = {b-\g-'^{a)a{g)),b-'ab). 
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So we have g~^'y{a)a{g) G K for all a & A. Hence 7 is cohomologous 
to a cocycle which takes values in K. This proves that H^{A,K) —>■ 
H^{A,G) is surjective. 

To prove that Li is injective, let 71, 72 : A — ^ i^T be cocycles which 
are cohomologous under G, i.e., there exists g E G with 72(a) = 
g~^'yi{a)a{g) for all a E A. By Lemma 12.31 there exist linear sub- 
spaces pi, . . . ,pr of =Sf(G) which are invariant under AdciK) and A 
such that =Sf (G) = ^{K) © pi © ■ ■ ■ © pr, and such that the map 
(f : K X pi X ■ ■ ■ X pr ^ G defined by 

ip{k,Xi,...,Xr) = fce^i ■■■e^'- 

is a diffeomorphism. Write g a.s g = ip{k,Xi, . . . ,Xr). Then for any 
a E A, we compute 

<^(72(a)-iA;72(a),Ad(72(a)-i)(Xi),...,Ad(72(a)'i)(Xi)) 
=72(a)"^^72(a) 
=72(a)~Si(a)a(^) 

=V9(72(a)"Si(«)«(^)> da{Xi), da{Xr)). 
Since ip is injective, we get 

72(a)"^A;72(a) = 72(a)~Si(«)«(^)- 

This means that 72(a) = A;~-'^7i(a)a(A;). So 71 and 72 are cohomologous 
under K. This proves the injectivity of ti. □ 
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